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The Bergman kernel for intersection of two complex ellipsoids 


Tomasz Beberok 


In this paper we obtain the closed forms of some hypergeometric functions. As 
an application, we obtain the explicit forms of the Bergman kernel functions for 
intersection of two complex ellipsoids {z ^ 1 ^ 21 '^ < 1, l^il^ + ksl^ < 1}. 

We consider cases p = 6,q = r = 2 and p = q = r = 2. We also investigate the Lu 
Qi-Keng problem for p = q = r = 2. 
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1 Introduction 

In 1921, S. Bergman introduced a kernel function, which is now known as the 
Bergman kernel function. It is well known that there exists a unique Bergman 
kernel function for each bounded domain in C"^. Computation of the Bergman 
kernel function by explicit formulas is an important research direction in several 
complex variables. Let H be a bounded domain in C”. The Bergman space 
L\{D) is the space of all square integrable holomorphic functions on D. Then the 
Bergman kernel Ku{z,w) is defined [31 by 

CXD 

Kd{z, w) = ^ (pj{z)(pj{w), {z, w) e D X D, 

j=0 

where {(j)j{A): j = 0, 1, 2,...} is a complete orthonormal basis for L‘^{D). If D is 
the Hermitian unit ball Bn defined by 

Bn = {^ G C"": -f- ... -|- \Zn\‘^ < 1}, 

It is easy to see that 2 ;", a G form an orthogonal basis of Ll^^Bn). A direct 

computation shows that || 2 ;“|| = i^n+'^\)\ - the functions pa = ^ 

a G (Z+)”, form an orthonormal basis of L‘^{D). An easy computation gives: 


Kb„{z,w) 


n\ 1 

TT” (1 - {z,w)Y+^' 


where (z, w) := ZiWi -1- ... -|- ZnWn- J.-D. Park in [31] compute Bergman kernel for 
nonhomogeneous domain 


B>qr,q2 = {{zi,Z2) G + 1 ^ 2 !'^^''" < 1} 


for any positive integers qi and q 2 - The goal of this paper is to give Bergman kernel 
for {z G : l^il^ -f |2:2|^ < 1, \zi\^ + l^sT < 1} in cases when p = 6,q = r = 2 or 

p = q = r = 2. 
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2 Main results 

The following are the main theorems of this paper. 


Theorem 2.1 The Bergman kernel for Di = {{zi,Z 2 ,Z 3 ) G : {zf"^ + \z 2 \‘^ < 
1, \zi\‘^ + \z^f‘ < 1} is given by 


KDAi.Zl,Z2,Zz), {Wi,W2,W:i)) 


3 - 6z/i + Sz/J + z/i(z /2 + z/s) - z /2 - z /3 - Z/2Z/3 
7r3(l - z/i - z/2)3(1 - z/1 - Z/3)3 


where z/j = for i = 1, 2, 3. 


Theorem 2.2 T/ie Bergman kernel for D2 = {(2:1, 2:2, 2:3) G : \zi\^ + |2;2p < 
1, \zi\^ + |2;3p < 1} is given by 

KD 2 {{zi,Z 2 ,Z^),{wi,W 2 ,W-i)) = 

3 f z/j + 2 1^2,1^3) + 1^2,1^3)) 

2 tI^ ( 9 z/ 2 ( 9 z /3 \ 2(1 - vl - Z/ 3)2 (1 _ yff (1 _ (1 _ 

Tfe ~ Tfe + ~ ^3) - ( 1 ^ 3 ^ + (i-T )^/3 

3 (1 - z/f - z/3) (z/3 - z/2) 

^ 2z/2(1 - Z/3)2/^ - 2z/ 3(1 - Z/2)^/^ - z/3- z/2 + z/2 - Z/3 

2 (1 - z/f - z/3)^ (z/3 - z/2) 

z/3 (1 + z/i - z/i- z/2 - (1 - z/2)^/^) (2z/f + z/2 + z/3 - 2) 

(1 - z/f - U2f (1 - z/f - Z/3)^ 

^^3((3z/i + 2)(1 - z/2) - 2(1 - z/2)^/^ - 3 z/i^l - z/2) ) 

3(1 - z/2) (1 - z/f - z/2) (1 - z/f - z/3) J ’ 

where z/* = for i = 1 , 2 , 3 , and 

Vi{ui, z/2, z/3) =6z/f + z/®(6z/2 + 6Z/3 - 7 ) + z/^ (z/2(6z/3 - 2 ) - 2(z/3 + 2 )) 

+ «^ 2 ( 3 z /3 - 4 ) - 4 z /3 + 5 + z/i(z/2(6z/3 - 7 ) - 7 z /3 + 8) 

^2(^1, t'2) ^3) = 3 z/j* + Z/®(3 z/2 + 3z/3 + 2 ) + Z/j*(z/2(3z/3 + 4 ) + 4z/3 — 13 ) 

+ 3 z/J' + 2 z/^(z/ 2 + z/3 — 3 ) + z/iz/2(z/3 — 2 ) — 2Z/1Z/3 + 3 z/i 


Theorem 2.3 T/ie Bergman kernel for D 3 = {(2:1, 2:2, 2:3) G : {zf"^ + \z 2 \‘^ < 
1, \zi\* + Izsl"^ < \zi\‘^} IS given by 


Kd^{z,w) 


- z /2 - 1 ) + (z/i - l)z/i(3z/i + z/3 - 3)) 
7r3(z/i + z /2 - l)^((z/i - l)z/i + Z/3)3 


where z = {zi, Z 2 , Z 3 ), w = {wi, W 2 , W 3 ) and z/j = ZiWi for i = 1,2,3. 


Theorem 2.4 The Bergman kernel for domain D 4 defined 

G : 1^11^ + |2:2p + \zz\^ < 1, (|^ip + |^2|^) + \zf\^ < |^i|^ + 1^:21^| 


2 



is given by 


Kd^Hzi, Z 2 , Z 3 , Z 4 ), {Wi, W 2 , W 3 , W 4 )) 


1 9“^ ( V 3 

vr^ di'3di'4 \ 1^3 — 1^3 — 1^4 


( 1 + Vl + 1^2 ~ ‘ 2^3 _ V' 4 ^ 3{^4 ~ ^3) _ 

V (I - 1^1 -1^2)^ (z/3 - Z/4 - 1)(1 - Z/i - 1/3)2 

_ t/4^^3(2 - 2 ui - 2U2 - JZ3) _ 

(1/3 - Z/4 - 1)(1 - Z/i - Z/2)2(1 -124-122- 1/3)2 
1/4 (6i/3(z/i + z/ 2 - 1) + 6(z/i + 1/2 - 1)^ + 2z/|) 

(z/i + z/2 - l) 3 (z/i + Z/2 + Z/3 - 1)3 
^ 8 [Wi^Ui, z/2, Z/3, Z/4) + VI - 4:l24W2{l^l, Z/2, Z/ 3 , 1^4)) 

(1 — 4z/4)3/2z/4 (VI “ 4z/ 4 — 2z/i + l) (Vl “ 4z/4 — 2z/i — 2 z/2 + 1 )^ 
_ ^^4^^3 (t^3 - ^^ 4 ) (yi - 4 z/4 + 1 ) % 4z/4 _\ 1 

(z/3 — Z/4 — 1) yi ~ 4 z/ 4 (yi — 4 z/4 — 2z/ 4 — 2z/2 + l) / / 


where z/j = ZiWi for i = 1 , 2 , 3 , 4 , and 

Wi{u 4 , z/2, z/3, z/4) = Z/2(8 z/i + 8z/2 - 4z/3 + 2) - (z/i - l)(z/i + z/2 + 2z/3 + 1) 

+ z/4 (z/f(4z/3 + 6) + z/i(4z/2Z/3 + 6z/2 + 4z/3 - 4 ) - 2Z/2Z/3 - 7z/2 - 8Z/3 - 4 ), and 
W 2 { r ' l , z/2, 1 ^ 3 , 1^4) = mz( 4 z/i(z/i + z/2 - 1 ) - 2Z/2Z/3 - 5z/2 - 4z/3 - 2 ) 

- (z/1 - l)(z/i + z/2 + 2 z/3 + 1). 


3 Explicit formulas of hypergeometric functions 

A great interest in the theory of hypergeonietric functions (that is, hypergeonietric 
functions of several variables) is motivated essentially by the fact that the solutions 
of many applied problems involving (for example) partial differential equations are 
obtainable with the help of such hypergeometric function (see, for details, f|34). 
p. 47); see also other works 1 |161 ITT] , [30]) and the references cited therein). 
For instance, the energy absorbed by some non-ferromagnetic conductor sphere 
included in an internal magnetic held can be calculated with the help of such 
functions lai, m- Hypergeometric functions of several variables are used in 
physical and quantum chemical applications as well |2S], [25] • Especially, many 
problems in gas dynamics lead to solutions of degenerate second-order partial 
differential equations, which are then solvable in terms of multiple hypergeometric 
functions. Among examples, we can cite the problem of adiabatic hat-parallel 
gas how without whirlwind, the how problem of supersonic current from vessel 
with hat walls, and a number of other problems connected with gas how |3], |21j . 
Multiple hypergeometric functions (that is, hypergeometric functions in several 
variables) occur naturally in a wide variety of problems. In particular, one of the 
Lauricella functions 


F 3 {a,bi,b 2 ,b 3 ,C 4 ,C 2 ,x,y,z) 


OO 

E 

m,n,p=0 


)m+n+p 


(&l)m(^2)n(^3) 


{Ci)ra{,C2)n+pm\n\p\ 


^x^^y^zP, 
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Appell’s functions F, Fi and F 2 defined by 


00 

F{a,b;c;x) = ^ 

m=0 


{ci)m{b)m rn 
(c)^m! 


Fi(a, 6 i, 62 ;c;x, 2 /) = ^ 
rr2,n=0 


{(^)m+n{bl)m{b2)n m n 
{c)m+nm\n\ 


00 

F2{a,bi,b2;ci,C2;x,y) = ^ 

m,n=0 


m M ^ m n 
ici)m{c2)nmln\ 


and Horn’s function 


Tj ( U ^ \ ^ (®)2m+n(^)n m n 

H^[a,b]C]x,y) = > -- —x y . 

{c),n+nin\n\ 

For function Fi we have the following integral representation (see |15) ) 

r(c) 

Fi{a,bi,b2-,c-,x,y) = - - -— 

r(5i)r(52)r(c -bi- 62 ) 

— u — — ux — vy)~°' dudv, 

u>0,v>0 
u-\-v<l 


where 3fJ(6i) > 0 , 3 ^( 62 ) > 0,3fJ(c — bi — 62 ) > 0. 

Picard has pointed out that Fi can be represented by a single integral in the form 


Fi{a,bi,b2-,c;x,y) 


r(c) 


r(a)r(c — a) 

• f — ux)~’^^{l — uy)~’^^ du, 

Jo 


where 3fJ(a) > 0,3fJ(c — a) > 0. 

In [10] presented certain interesting integral representation for Horn’s func¬ 
tion 


H3{a,b;c;x,y) = 


r(c) 




c—b—1/ 


mr(<;-6)7o 


.F| “ 


2 ’ 2 


(1 - uy)^ 


where 3fJ(c) > 3fJ(6) > 0. 

In this section we prove following recursion formula for 


F8{a, 1; Cl, C2; X, y, z) := Fsia, 1,1,1; ci, C2; x, y, z). 
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Proposition 3.1 For any a > 1 and |a;| + \y\ < 1, |a;| + \z\ < 1, we have 

a — Cl — C 2 + 1 


l]Ci,C2]x,y,z) 


{a — 1){1 — X — z) 


Fsia - 1 , l;ci,C2;x,y,z) 


- - - Fi{a - 1,1,1; C 2 ] y, z) 

a — 1 1 — X — z 

C2-I 1 


a — 1 1 — X — z 
Proof. Using well know fact (1)^ = k\ we have 


F 2 {a - 1,1, l;ci,C 2 - l-,x,y) 


Fs{a,l-,Ci,C 2 -,x,y,z) = ^ (a)m+n+p 

(Cl)-(c 2 )n+p 


X^ynzP 


Next from {s)k = we have 


F8(a, l;ci,C2;a;,|/,^) = ^ 

m,n,p=0 

After little calculation we obtain 


(a - 1 + m + n + p) (a - l)m+n+p 
(a-l)(ci) 

m (C 2 )n+p 


X^y^zP 


T? ( -i xO + l — Cl — C 2 . . 

Asia, 1; Cl, C 2 ; X, y, z) = -^-Fgla - 1,1; Ci, Cs; x, y, z) 


a — 1 

Cl 1 X ^ l)m+n+p 

® 1 „ (Ci l)m(c2)n+p 

m,n,p=0 / \ r 


(JO 

+ ^ E 


l)m+n+p 


® 1 „ (Cl)m(c 2 l)fj+p 

m,n,p=0 r 


x^y^zP 


x^y^zP 


Now summing the m and p respectively in the second and third lines, we have 


lO + l — Cl — C 2 ^ ^ 

Fs{a, 1; Cl, C 2 ; x, y, z) = --- F^[a - 1,1; ci, C 2 ; x, y, z) 


+ 


Cl - 1 

fe>"+» 


E 


a — 1 

(a - l)n+p^n^p 


(fl Fj^n+n+p 


^ C 2 -I ^ y-v (a - 1) 


Jb 




=W =0 l)m(c 2 )n+p 

~ l)m+n+p 




^=0,p=l l)n+p 

Reversing the summation indexes, we can write 
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^a + 1 — Cl — C2 ^ ^ 

Fsia, 1; Cl, C 2 ; x, y, z) = -^-Fg^a - 1,1; ci, C 2 ; x, y, z) 

a — 1 


y'^zP + xFs{a, 1; Ci, C 2 ; x, y, z) 


_l_ Cl — 1 (a — l)n+p 

+ — T £ 3 ;"^|/^ + 2:F8(a, 1 ;ci,C 2 ; 3 :,|/,^) 

which complete proof. 

Now we calculate formulas in special cases. 


Lemma 3.1 For |a;| + \y\ < 1, |a;| + | 2 :| < 1 and yj^O, Zj^Oz^y, we have 


Fs 


f — T -- 3 9 (^l-|/-l) 

\3' ’3’ 7yz{z-y)M^^ 7y^l - yMy^M, 

^P{x, y, z) 27 ((1 - yfF _ 1 ) (m,, + M,,) 

14 (1 - a;3)2 M^Ml 

27 (—2:(1 — y^F + 1/(1 — — y + z') 

Uyziy - z)M^^ 


Fs 


1^11 1 - 2 3 . 3 y) 

V3’ ’3’ ’ ’ ’ y 40//2:(2: - |/)M^3. 

9G(a;,//,;^) 27 - l) + M,,) 

^ 40 (1 - x^f M^^MI iOyM^^Ml 

27{-z^T^ + y^T^-y + z) 27 {{1 - y)F^ - l) 
80yz{y - z)M^^ 40|/(1 - yfFMy^M^^ 


F^{A,l-l,3-x^,y,z) 


3x^ + 2x^{y + z — 3) + yz — 2y — 2z + 3 
3(a;3-l)2M2,Mi 


where P{x, y, z) = 2a;® + x^{2y + 2^; + 3) + 2x^{yz + y + z — 6) + yz — Ay — Az + 7, 
G{x, y, z) = x^ + x^iy + + 6) + x^iyz + Ay + Az — 15) + 2yz — 3y — 3z + 8 and 

Mtx = 1 — x^ —t. 

If y = 0 then we have 


flO 1 . \ flO 1 , \ 

Fs f y, 1; 3 > 3; a;^ y, zj = F 2 \ —, 1 , 1 ; 3; x^, zj = 

x^ {2x^ (18 — x^ — z) + 16z — 21) + 4;^ — 13 
14(a;3-l)3Mi 

27(1 - ;2)2/3 + 18;^ - 27 3z^/T^ + 9^/T^-9 

^ UzHil + 
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Fg (^y, 1; 3; y, ^ = F 2 (^y, 1,1; 3; x^ ^ = 

—6x® + x®(45 — 6z) + x^{30z + 9) + 6(52; — 8) 

40 (x3-if Mi 

27^T^ + 9z-27 6z(l-i2/3 + 9('i_^)2/3_9 


40^2M1 


40z^(l - z)F^M, 


where as before M^x = 1 — — t. In the case when z = y = 0, we have 


^ , 10 1 o \ ^/lO 1 o\ 4 x 9 - 21 x® + 84 x 3 +14 

Fg —, 1 ; 3 ; xf y, ^ = F —, 1 ; xM =- 7 - 

' 3 ’ ’ 3 ’ ’ y V 3 3 ’ J 14(1 -x 3 )^ 


11 2 
3 3' 

If y = z and z ^ 0 then we have 


Fg ( —3;x^,y,z) = F ( y, 1; x^ ) = 


5x9 _ 24^:6 _|_ gg^3 _|_ 40 

40 (1 - x3)^ 


(y,ly,3;xfz,z) = limFg |^y, 1; 3; xf ?/, 


/II 2 o \ /II 2 o \ 

Fg ( y,l;-,3;x ,z,zj = limFg ( y,l;-,3;x ,y,zj 

Proof. Using twice recursion formula for Fg function, we have 

/lO 1 3 \ _-3Fi (|,1,1;3;|/,2;) OFa (|, 1 , 1 ; f 2 ; x3, ?/) 

® V 3 ’^’3’^’"^ “ 14(l-x3-i2 + I4(l-x3-i2 

_L ( 3 ’ ^ ®^2 (|, 1,1; 2; x3, y) 


7(1 — x^ — z) 


7(1 — x^ — z) 


Now using recursion formula for F 2 (see [21] or more general version [22]), we 
obtain 


Fg 


/10 . y o 3 f\ ^ 3 Fi ( 3 ,1,1; 3; y, z) 2Fi ( 3 ,1,1; 3; y^ z) 
V3’’3’’ 14(l-x3-i2 ^ 7(i_^3_^) 

_ 18F(2,1;2;7/) ^ 27F (2,1; x3) 

14 (—x3 — y + 1) (—a;3 — z + 1)^ 14 (—x3 — y + 1) {—x^ — z + 1)“^ 

^ 27F(|,1;Fx3) _ 9F(4,1;2;|/) 

14 (—x3 — y + lY (—x3 — z + 1) 7 (—x3 — y + lY {—x^ — z + 1) 

_ 9F(|,l;|;x3) _ 3F(|,1;2;|/) _ 

14 (—x3 — y + 1) (—x3 — z + 1) 7 (—x3 — y + 1) {—x^ — z + 1) 
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After some calculations using integral representation for Fi function and well 
known formulas F (i, 1; 2; w) = , F (|, 1; 2; w) = and 

F (|, 1; tc) = we obtain desired result. The proof for the other formulas 

in similar to above. 

To prove Bergman kernel formula for domain F 4 we need the following lemma. 
It is possible that the following sum is represented by a hypergeometric function 
or is related to a combination of certain hypergeometric functions, but from the 
point of view of this work most interesting is its calculation. 

Lemma 3.2 For \x\ + \y\ + |; 2 | < 1, \Aw\ < 1, w 0, w ^ z — and 2\x\ +2\y\ — 
|\/1 — 4:W\ < 1, we have 


y- T (m + n + 2) T (m + n + fc + 2/ + 6) m n k i ^ 

^ m!n!r (m + n + / + 3) T (A; + / + 3) 

m,n,k,l=0 

z{2 — 2x — 2y — z) 

{z — z‘^ — w){z — w — 1){1 — X — yy{l — X — y — zY 

2z z(w — z) 

H-^-- - - 

w{z — z"^ — w){x + y — lY {z — z‘^ — w){z — w — 1){1 — X — yY 

z{z — w) ( 1/1 — 4tc + 1 )^ + 4 

{z — z‘^ — w){z — w — 1 ) 1/1 — Aw ( 1/1 — Aw — 2x — 2y + l)^ 

Qz{x + y — 1) + 6{x + y — lY + 2.z‘^ 1 + x + y 

{z — z^ — w){x + y — l)3(a; + y + z — lY w{z — z"^ — w){l — x — yY 

^ _ 8 (inn, i/,2 , w) + 1/1 — 4:wW2{x, y, z, w)) 

{z — z"^ — tc)(l — 4:wY^^uj ( 1/1 — Aw — 2a; + 1 ) ( 1 /I — Aw — 2x — 2y + 

where kTi(a;, y, z, w) = w'^{8x + 8?/ — 4^; + 2) — (a; — l)(a; + ?/ + 2^; + 1) 

+ w (a;^(42: + 6) + x{Ayz FQy + Az — A) — 2yz — 7y — 8z — A), and 

kT 2 (a;, y, z, w) = tc(4a;(a; + y — 1) — 2yz — by — Az — 2) — [x — l){x + y + 2z F 1) 

Proof. Since r(a + 1) = ar(a) 


_ 'Sp T (m + n + 2) T (m + n + /c + 2/ + 6) m n k i ^ 
m!n!r(m + n + / + 3)r(A; + / + 3) ^ 

(m + n + A; + 2/ + 5)r(m + n + 2)r(m + n + A; + 2/ + 5) ^ ; 

m!n!r {m + n + I + 3)T {k + I + 3) x y z w 


Hence 

\ T {rn + n + 2) T {m + n + /i; + 2/ + 5) m n k i 

S =Si := > ^ ^ ^—7--;- Yx y z^w^ 

^ m!n!r (m + n + / + 3) T (A; + / + 3) 

_ r (m + n + 2) T (m + ra + A; + 2/ + 5) m n k i 

^ ^ m\n\T (m + n + I + 2)T (k + I + 3) 

m,n,k,l=0 

> Q .= r (m + n + 2) r (m + n + A; + 2/ + 5) rn n k i 

^ ^_ m!n!r (m + n + / + 3) T (A; + / + 2) 



By proceeding in a similar manner as in the case of the sum of S, we have 


^ ■sp r (m + n + 2) r (m + n + /c + 2/ + 5) rn n k i ^ 

^ ^ m\n\T (m + n + I + 3)T (k + I + 3) 

m,n,k,l=0 

^ T {m + n + 2)T {m + n + k + 21 + n^k^j 

m!n!r (m + n + / + 2) F (A; + / + 3) 

TTlyTh^ K jt —0 

r (m + n + 2) r (m + n + A; + 2/ + 4) m n k i 
^ m!n!r (m + n + / + 3) F (A; + / + 2) 

m,n,k,l=0 

Using the identity F(a + 1) = aF(a), after a little simplihcation, we obtain 


^ 1 F(m + n + 2)F(m + n + A; + 3) „ „ 

z ) z '“_g m!n!F (m + n + 2) F (A; + 2) 

_ 1 r (m + n + 2) F (m + n + 2/ + 3) n^j 
z ^ m!n!F(m + n + / + 2)F(/ + 2) ^ 

m,n,Z=0 / \ / 


CXD 

m,n,/=0 


F (m + n + 2) F (m + n + 2/ + 4) ^ ^ ^ 
m!n!F (m + n + / + 3) F (/ + 2) ^ ^ ^ 


After some calculations, we obtain 


w _ \ ^ ^ 2-2x-2y- z 

z / ^ z{l — X — yy{l — X — y — zY 


. T / \ r {rn + ?r + 2) F {m + tt + 2/ + 3) ^ ^ 

+ ^ m!n!r(n. + n + / + 2 )r(i + 2 ) " ^ 

m,n,l =0 ^ / \ / 

—\ F {m + fi + 2) F {m + ?r + 2/ + 3) n i 


m,11,1=0 


m!n!F (m + n + / + 3) F (/ + 1) 


Shifting (changing) the summation index I, we have 


w \ 2 — 2x — 2y — z 

z / ^ z{l — X — yY{l — X — y — zY 

T{m + n + 2)T{m + n + 2l + n^. 

\w zw) m\n\T {m + n + I + 1)T {I + 1) 

_ (i _ J_) V r(m + n + 2) ^„^„ 

\w zw j m\n\ 

^ ' m,n=0 

F (m + n + 2) F (m + n + 2/ + 3) n,^i 
m!n!F(m + n + / + 3)F(/ +1) ^ 

m,n,/=0 / \ / 
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Sum out of I 


1 ^ \ c 

1 - 2 : hSi = 

2 : 


2 — 2x — 2y — z 


z(l — X — vYil — X — y — zY 

-n+1 m+n- 
2 ’ 2 


^ {z-l)T{m + n + 2)F{^^^^,^^^^-m + n + l-Aw) ^ 
/ . _i-^i ^ y 


m,n=0 

00 

z 

m,n=0 


zwm\n\ 


(1 - ^)r {m + n m^ n 
X y 


zwmmi 


g r(m + n + 2)F(^^^if±^,^^^^;m + n + 3;4u;) 


m\n\ 


x^y^. 


m,n=0 

Using the following well know formula 


F \ a,a + -;2a] z ] = 


)2a—1 


— z{\/l — Z + 1)2“ 


we obtain 
w 


1 -hSi 

2 : 


2 — 2x — 2y — z 


z{l — X — yYil — X — y — zY 

^ ^ ^ V r(m + n + 2)2™+” 

w zwJ ^ m!n!i/l — Aw{Y^ — Aw + 

' m,n=0 ^ ' 


X^yn 


---) E 

w zw ' 


V {m + n + 2) ^ „ 

-X y 


m\n\ 


E 


m,n=0 

r (m + n + 2) 2”^+"+2 


m!n!Vl - AwUl - Aw + l)«^+>^+2 

m,n =0 ^ ^ 


a;™!/’". 


Sum out of m i n variables, we get 




1 -USi 


2 — 2x — 2y — z 


+ 


Hence 


z{l — X — yYY ~ ^ ~ y ~ ^Y \'^ J Y — X — yY 
(Eu;;) (Vi-4w + i)" + 4 
\/l — Aw (\/l — Aw — 2x — 2y + lf‘ 

2 — 2x — 2y — z 


z — w 


{z — w — 1)(1 — X — yYY — X — y — zY {z — w — 1)(1 — x — yY 


+ 


{z — w) (\/l — Aw fY) +4 


2 • 


{z — w — 1 ) 1/1 — Aw ( 1/1 — Aw — 2x — 2y + Y) 
Now analogous maneuvers for sum S 2 lead us to 

^ w ^ 1 T im + n + k +A) _ „ u 

^^= 7 ^ + 1 E /„!r(t + 2 ) ^ ^ 

m,n,k=0 

_l ^ T{m + n + 2)T{m + n + 2l + 4:) 
z ^ m!n!r (m + n + / + 2) F (/ + 2) 

m,n,l=0 
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Similar as in Si case, we have 


w 6z{x + y — 1) + 6{x + y — ly + 


=-S + 


z{x + y — l)^(a; + y + z — ly 


J_ r (m + n + 2) r (m + n + 2/ + 2) n^i 
zw ^ m!n!r(m + n + / + l)r(/ + l) ^ 

m,n,t =0 / \ / 

1 >^r(m + n + 2 )r(m + n + 2 )^„ 

zw ^ m\n\T im + n + 1) ^ 

m,n=0 


Sum out of I 

w 6z{x + y — 1) + 6(a; + y — ly + 2z‘^ 


S2 =-S + 


z{x + y — l)^(a; + y + z — ly 


1 “ (r(m + n + 2 ))'F(^^^^,^^^^;m + n+l;4M;) 

— irTTTFTZ— 2 ; y 

m,n=0 


m!n!r(m + n + 1) 


1 (m + n+ l)r(m + n + 2) 

“T 2_^ y ■ 


zw 

m,n,l=0 

Using the following formula 
o -|- 2 o -|- 3 


m\n\ 


2 ’ 2 


; a + 1; 2 : = 


2 “((a - - 1) + az) 

{a + i) 2 :(i — zy/‘^{yi — z + 1 )““^ ’ 


we get 

w Qz{x + y — 1) + Q{x + y — ly + 2z‘^ 
z ^ z{x + y — iy{x + y + z — ly 
^ r(m + n + 2)((m + n - l)(Vl - 4w - 1) + (m + n)4w) xn 

m\n\4:zw‘^{l — 4:wy/‘^{\/l — Aw + 

1 (m + n+l)r(m + n + 2) 

zw mini 

m,n,l=0 


Sum out of m and n variables, we have 

S w ^ ^6z{x+ y— 1)+ 6{x+ y— ly+ 2z‘^ ^ 1 + x + y 

^ 2 : z{x + y — iy{x + y + z — ly wz{l—x — yy 

3 (\/l — 4w — 1 ) ( 1/1 — 4tc + lY x{x + y) 

(1 — Awy/‘^w‘^z y/l — Aw — 2a; + 1 ) (Zl — Aw — 2x — 2y + iy‘ 
(1/1 — 4 ta + 1)^ (a /1 — 4 ta — 8 a;^ + l) 

(1 — Awy/'^wz (a/I — Aw — 2a; + 1 ) [\/l — Aw — 2x — 2y + l)^ 
(a/1 — Aw + 1 )^ (4a; (a/1 — Aw — 2y — Ij + 4 a/1 — Awy — 2y) 
(1 — Awy/'^wz (a/1 — Aw — 2a; + 1 ) (a/1 — Aw — 2x — 2y + l)^ 
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In Ss case, we have 


o o ^ ^ + n + 3) 

S 3 =zS -> ^ 

w mini 

m,n=0 

1 r (m + n + 2 ) r (m + n + 2 / + 3 ) n^i 

w mlnlT (m + n + / + 2) r (/ + 1) 


Hence 


w ^ 


r(m + n + 3) 

X y 


m,n=0 


m\n\ 


^ ^ r (m + n + 3) ((m + n)(Vl - 4w - 1) + (m + n + l)4w) 
m\n\{m + n + 2 ) 2 w^{l — 4i(;)3/2(y'l — 4i(; + l)™+«' 

After a little calcnlations, we have 

2 


^3 + 


+ 


w{x + ?/ — 1)3 

16 ((VI -4w; + 1 ) (1 - x) - 2 w; 2 ) 


(1 — 4:w)^/'^w (Vl — 4tc — 2 x + 1 ) (\/l — 4ii; — 2 x — 2 y + 
16 (Vl — 4:wy + 2y/l — Aw — 2x{x + y + 1) + y + A) 
(1 - 4m;)3/2 (VI - 4m; - 2x + 1) {^1 - Aw - 2x - 2y + 

This completes the proof of Lemma 13.21 


4 Computation of the kernel 

For Reinhardt domains it is a standard method for computing the Bergman ker¬ 
nel to use series representation, since we can choose (j)a{z) = n^. Put 4*0(C) = 
It is well known, that function / holomorphic in a Reinhardt domain 
D C C" has a “global” expansion into a Laurent series f{z) = XlaeZ" z E D 
(see Proposition 1.7.15 (c) in [H]). Moreover if H fl x {0} x C"'“V 7 ^ 0, 

j = l,...,n then Oq, = 0 for a E 7/^ \ Z” (see Proposition 1.6.5 (c) in |18|L 
Therefore {4)^^} such that each Oj > 0 is a complete orthogonal set for LS‘{Di) and 
L\D^). 

If Z1 is a Reinhardt domain, / E L^^iD) := 0{D)r\L‘^{D), f{z) = J2aez^ aaZ°, then 
{z°‘: a E X](/)} where X(/) •= {a G V 0} proof see jH] p. 

67). Thus it is easy to check, that the set {zi^z^^z ^^: «2 V 0, Q !3 > 0, ai > —1—a! 3 } 
is a complete orthogonal set for L‘^{D 3 ). 

Proposition 4.1 Let a, G Z_|_ for i = 1,2, 3. Then, we have 

II Qi 02 a3||2 _ 7r3r(Q;3 l)P(a2 + 0^3 + 3) 

" 1 ^ ^ (02 + 1)(03 + l)P(0i + 02 + 03 + 4) 
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Proposition 4.2 Let a* G fori = 1,2,3. Then, we have 


I|,m a 2 03 112 27r^r(^)r(a2 + as + 3) 

II 1 2 3 IIl2(D3) 

Proposition 4.3 For 02, as G Z+ and oi > —1 — 03, we dave 

II ai 02 a3||2 _ 7r^r(ai + 03 + 2)r(Q;2 + as + 3) 

11^1 ^2 ^3 IIl 2(D3) - (a2 + l)(a3 + l)r(ai + a2 + 2a3 + 5)- 


Proposition 4.4 Let G Z+ /or z = 1 , 2 , 3 , 4 . Then, we have 

11 q,||2 7 r^r(cii + l)r(o2 + l)r(ai + 02 + a 4 + 3 )r(o 3 + 04 + 3 ) 

^ (03 + l)(o 4 + l)r(a4 + 02 4 “ 2)r(a;4 + 02 + as + 204 + 6) 

The proof of all above propositions is similar, and so we only proof S2J 

Proof. 

\\zTzrzr\\l2i^D,) = j \Zl\^^^\z,\^^^\z3\^^^dV{z) 

D2 

we introdnce polar coordinate in each variable by pntting zi = rie*®b ^2 = r 2 e®®^, 
Z 3 = rse*®®. After doing so, and integrating ont the angnlar variables we have 


(2vr) 


1 /"V^ 



r 


2ai+l„2a2+l„2o3+l 


1 


r 


dridr2dr^ 


0 Jo 


Integrating ont of r 2 and rs variables, we obtain 


(2ir) 


(2q!2 + 2) (203 + 2) 7q 
After little calcnlation nsing well known fact 
/•i 


^2ai+l(i _^6)a2+a3+2 


x^(l-x^fdx = 


r((a + i)/6)r(&+i) 
3r((a + l)/6 + 6 + 1) 


we obtain desired resnlt. 

Now by series representation of the Bergman kernel fnnction, we have 


Kd^{z,w) 


J_ (a2 + l)(a3 + l)r(ai + 02 + as + 4) ^ ^ ^ ^,3 

7r3 ^ ^ r(ai + l)r(a2 + a3 + 3) ' ^ 

Q:i,Q:2,Ct3=0 v / v / 


where vi = ZiWi, V 2 = Z 2 W 2 , = Z 3 W 3 . Snm ont of ui variable, we have 


1 (02 + l)(a 3 + l)r(a2 + 03 + 4 ) / 1/2 A ^ / ^3 

^^(1 - r(a2 + a3 + 3) VI -^1 

Sinc6 r(ci2 "t“ 0^3 "t" 4 ) = (o^2 4 “ 3)r(Q^2 4 “ *^3 4 " 3 ), thcit 
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H OO / \ Q!2 / \ «3 

+ 1)(“3 + l)(a2 + 03 + 3) (y^J (t^) 

Finally using 


^ {n + l){k + l){n + k + 3)x^y’^ = 

n^k =0 

we obtain explicit formula for domain Di. Similarly we can obtain Bergman 
kernel for domains 


6 — X — y — xy 
{1 - xf{l - yY 


~ {(^1) ^2, ^ 3 ) £ + 1^2^ < 1) klT + < 1}, 

where p, q are positive reals numbers. 

Now we consider domain D 2 . As before by 14.21 we have 


00 


Kd^{z,w)= ^ 


3(02 + 1)(Q^3 + l)p( “1+1 -|_ q/2 + 0(3 + 3) 


ai Q2 , ,Q3 


where ui = ziWi, V 2 = Z 2 W 2 , 1^3 = Z 3 W 3 . 

Using partial derivative notation we can write 


3 r(^ + 02 + Q3 + 3) ,, ,,^+1 ,, 3+1 

Now we can express above sum in Fg hypergeometric function terms separating 
oi modulo 3. 




2n^ di'2di'3 


i=i 


V 2 V 3 'Yl, (3 + ^, 1 ,!, 1; 3; vl, U 2 , 1 Z 3 


where Q = 


2r(ij 


for i = 1 , 2 , 3. After some calculations using explicit formu¬ 


las from lemma [3?T] we obtain desired result. 

It is also possible in analogous way, compute Bergman kernel function for 

{(^ 1 , Z 2 , Z 3 ) G -|- |z2p < 1, |^i|^ + 1^3^ < 1}) 

for any rational number r and for 

{{zi, Z 2 , Z 3 ) G : \zi\^ -f- \z 2 \'^ < 1, \zi\^ + l^sl^ < 1}. 

Now we consider domain D 3 . From Proposition 14.31 we have 


Kd 3 {z,w)= 


012,0:3,0:1=0 


( 0(3 + l)(a 2 + l)F(ai + a 2 + as + A) 
7r3niF(Q;i -h l)F(a 2 03 3) 




03 
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Sum out of vi variable, we have 


(ttS + 1)(Q!2 + l)r(a2 + 0^3 + 4) / V2 ^ ^ ^3 

^ (1 - z/i)47r3z/ir(Q!2 + as + 3) 


as 


Sum out of V 2 variable, we get 


(as + l)(asi^i + a3Z/2 - as + 3z/i + z /2 - 3) / z /3 

7r3l/i(l - + 1/2 - 1)3 V(l-I/i)z/i 

Finally sum out of as variable, we obtain the desired result. 

In order to prove formula for domain ZI 4 is sufficient to use lemma 13.21 




5 Lu Qi-Keng’s problem 

A domain hi C is called a Lu Qi-Keng domain if Kq{z, w) ^ 0 for all z,w ^ fl. 
Obviously, a biholomorphic image of a Lu Qi-Keng domain is a Lu Qi-Keng domain 
due to the rule of the Bergman kernel transformation between two biholomorphic 
equivalent domains. A Cartesian product of two Lu Qi-Keng domains is a Lu Qi- 
Keng domain. If Kq 7 ^ const and O is the sum of an increasing sequence of Lu Qi- 
Keng domains 0^, then O is a Lu Qi-Keng domain due to the Ramadanov theorem 
and Hurwitz theorem. However, it is not always easy to determine whether or 
not a given domain is Lu Qi-Keng domain. In 1969, M. Skwarczynski j33] gave 
the hrst example that the Bergman kernel on an annulus in the complex plane 
r2 = {r<| 2 ;|<l} has zeros if 0 < r < e“^. Since the Bergman kernel for a 
bounded symmetric domain is a negative power of a certain polynomial, it has 
no zeros anywhere. In 1996, Boas | 8 ] proved that bounded Lu Qi-Keng domains 
of holomorphy in C"' form a nowhere dense subset of all bounded domains of 
holomorphy. Since then the concrete forms of non-Lu Qi-Keng domains have been 
found in the various classes of domains in C"'. The minimal ball [2S] with n > 4 
and the symmetrized polydisks |2B] with n > 3 are not Lu Qi-Keng domains. For 
the complex ellipsoids, see [91 [36]. 

The explicit formula of the Bergman kernel function for the domain D enables us 
to investigate whether the Bergman kernel has zeros in H x H or not. We will 
call this kind of problem a Lu Qi-Keng problem. The motivation of this problem 
comes from the Riemann mapping theorem. If n > 2, then there is no analogue of 
Riemann mapping theorem in C”. Thus the following natural question arises: Are 
there canonical representatives of biholomorphic equivalence classes of domains? 
In higher dimensions, Bergman himself [3] introduced a representative domain to 
which a given domain may be mapped by representative coordinates. Let K{z,w) 
be the Bergman kernel for a bounded domain D G C”, and dehne 

Ti-j{z) = {Qij) := - logA:(C,C)|c=^- 

dCidCj 
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Then its converse is T^'^{z) = (gji^)- Hence the local representative coordinate 
f{z) = (/i,..., fn) based at the point Zq is given by 


^ \^rrn/ \ ^ 1 


2 = 1 


C=2o 


for i = 1,..., n. In 1966, Ln Qi-Keng [25] observed the following phenomenon: It 
is necessary that the Bergman kernel K{z,w) has no zeros in order to dehne the 
Bergman representative coordinates. 


Lemma 5.1 The domains Di and are Lu Qi-Kengs domains. 

Proof. Suppose that the Bergman function for Di is zero at {z,w). It means 
that there exists 2 ; = (^ 1 ,^ 2 , ^ 3 ) £ -Di and w = ( 101 , 102 , 103 ) G Di, such that 
Kj:).^{z,w) = 0. Then by Theorem 12.11 we have 

2z/^ = (i^iZ/3 + + 1 ^ 2 ), 


where z/j = ZiWi. Since 


ksp < \zi\^ + \Z2?-, \zi\^ + < klP 

\W3\^ < \W,\^ + \W2\^ \W,\^ + \W2\^ < \W,\\ 

then IZ/ 3 I < \vi\. Hence 

2|z/i|'^ = + z^i)(z^i + 1 ^ 2)1 < 2|z/i|^(|z/i|^ + |z/2|). (1) 

from the Cauchy-Schwarz inequality, easily follows 

(kir+ 1 ^ 2 !)'< (kii^+k2r)(kir+k2r) 

Hence \vi\^ + |n 2 | < \i'i\, which is a contradiction with (ITl) . 

In order to prove lemma for domain D 3 is sufficient to use observation, that 
function dehned by 

F: Di \ {0} D 3 , F(zi, Z 2 , Z 3 ) = (zi, Z 2 , Z 1 Z 3 ) 

is biholomorphic between domains Di \ {0} and D 3 . It is well known fact, that 
Bergman kernel function for unit ball in is zero free. In view of the above 
lemma, we can ask the following question; Is there a relationship between the 
existence of zeros of the Bergman kernel function for domains 

{z e C^: |zi|P + 1 ^ 2 !'^ < 1} and {z e 0 : \zi\p + \z 2 \'^ < 1 , \zi\p + {z^l'^ < 1} 7 
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